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Introduction

Previous analyses (1, 3, 5, 9) of an
scattered from nuclei, based on th
sented. These analyses have shown that it is possible to give a

fairly good account of the experimental differential Cross-section
with the results obtained theoretically,

The objective of this paper is

gular distribution of proton
e optical model, have been pre-

the theoretical determination of
the optical model parameters for an energy of 10 Mev., also the size

and shape of the potentials involved. To accomplish these results,

two programs were written in PL/1 for the IBM - 360/40 to compute
the scattering cross-section for a potential,

The potential used in this calculation is of the form:
VO = U0 + Y00 + LW, 401\, A Y (143)

where
0= 255, £0= e e (R, 9(9= eplereR]),
Y= exp(-L%81 )4 '

+ b. The term f (r) is the Saxon-Woods potential,
ssian potential, Y (r) is the Yukawa potential and

(1)

and R = r, AV,
g (r) is the Gau
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V(1) is the electrostatic Coulomb potential. Emphasis in the clalcu'-

i ns of the differential cross-section were concer_ltrated on alumi-
latlo These computations will be compared with expe_rlmental
;lelzlslﬁts of Dr. Norton M. Hintz from the University of Minnesota.

OPTICAL MODEL ANALYSIS

In the nuclear optical model the interactipn between a partllcle
and a nucleus is made up of two parts shown in Eq. (1). 'ljhe nuf1 eg;r
otential is complex, its real part leads to wave refractl_on anf tlh S
?macrinary part to wave absorption. The wave properties ho 0 e:
nuclvear iransmission function are found by solving the Sg ro ;él
r equation. The principal properties of the nuclear function are:
E a) Penetration through the Coulomb and angular momentum
i the nuclear radius. g |
regLO)n tl){egf(l)encctlion at the abrupt nuclear surface in the vicinity of
radius.
thecr)lucllizzZnance within the nucle}altr pot<;,r1tiali,n ?eitfégened by the
i hich takes place in the nuclear . '
absg;iti?;a‘rﬁleters of an Iz)appropiate form'of complex potentlalrzilég
determined by search procedure whe?re trial parameters aredvaial X
over a restricted range until an optimum fit to scattering da s
achieved. With the potential so determined, transrr_ussllon tco v
cients and cross-section can be evaluated. The optlca1 p(})) fizrriter_
comprises a real central part V, (r) to represent the 001(;1i om g
action, in case of charged particles; a real §ax0n-W09 S paronen-
an imaginary (surface absorption) part with Gaussian exp
tial form:

V (1) = Vdr) + V. & dr) -8 06 8 1) (2)
where
r-R 3)
o= 14+exp | — -+
aS
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and
ew=eo [LET) oem-ep (-159). @

Various features of this formalism bear closer examination. First,
we note the presence of a Coulomb potential in the case of char.
ged-particle scattering. Second, the Saxon-Woods form has both
theoretically and empirically been found to be well suited for the
real part of the potential, diminishing exponentially with increas.
ing radial distance and essentially constant within the nucleus in
conformity with the saturation property of the nuclear forces,
Third, the necessity for an imaginary component in the potential,
which is useful at low and intermediate energies at which surface
absorption may be deemed to occur, and at higher energies where
some admixture of volume absorption begins to play a role. To
apply to surface absorption, the form factor of the imaginary po-
tential is chosen to peak in the surface region, and is usually taken
to be Gaussian or exponential form. Next, it behooves us to consi-
der possible additional terms that may appear in an optical poten-
tial. A spin-orbit term is necessary to take account of a scattering
interaction. The spin-orbit force vanishes in the interior region of
the nucleus and the corresponding potential must therefore show
surface peaking. The Thomas and Fenkel form has universally been
adopted for the spin-orbit potential.

It may be written as:

Vso (r) = (\4:+EM°) h(r) (f‘ é) (5)
where
A= - %’; d_fé‘j (6)
and i
\W\-?
6= (e exp(GR)]" , = Tt

Although theoretical considerations suggest the inclusion of an
imaginary part of spin-orbit i W_, whose sign is opposite to that
of the real part V_, and whose magnitude is at most about one
third of V,,; most practical analysis nowadays dispense with it
and employ solely a real component V,,. The customary procedure
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;s to establish the parameters of the central_ potential I?y ﬁtting
iisifferential cross-section data, and then to adjust V, until a goo

fit is obtained.

MATH EMATICAL PROCEDURE

To perform a scattering experiment, one generally er_nplo¥§1 Z}L
beam of particles coming, for instance, frqrn an acelerat_or. a
packet travels until it hits a target, C%eformmg itself as time goes
on, since the particles do not have quite the same veloc1'gy. A

’Theoretically, we know that the Vyave-funcflqn assomate.d V'Vlt
the initial particles obey the free-particle Schrédinger equation:

B VG = 52 VED ®)

where n\}f@ﬂ") is in fact a superposition of plane waves. The target,

in which the incident particles collides, usuall‘y consist of 13 ma-
croscopic sample of many individuals scattering centers. Never-
theless, these centers can be assumed to be far enough apartﬁso
that, in general, one may neglect coherence'effec.ts and con ine
one’s interest to scattering caused by one_typlcal single scattering
center. At the point where the particles hit the target, we have }tlo
take into account the interaction between the ?al“tlcle and t’_[ e
target by introducing a potential so that the Schrédinger equation

is now given by:

-E T YROIVOTEY = h - VRD. ©

For values of r corresponding to points outside the target,
such that the nuclear potential is zero, Y(#) will satisfy equation

(8). We now wish to find a particular solution of the Schrbdinge.r
equation (9) selected in such a way that it obeys the asymptotic
boundary condition

INZ ERY (10)
T =™+ Aled) €4 .
The ultimate goal of the scattering problem is to determine
from W(ﬂ the exact form of the scattering amplitude A (0 @)
since it gives the scattering cross-section:
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Qe,8) = [AL.d| = Ale,d Ale9), (11)

As we saw, our
: problem will
forAthe potentials. be to find the scattering amplitude
s we shall see, the Coul
large dista e 0 oulomb field affects a parti
Wa%e at 1a:gc: Sd?;tzggh = W:i‘y ghat 158 e fUnctign ri‘;l;lzt vaff i
i 5 TR boli ; ane
for de i - parabolic coordin :
of thesaf;il:frég the wave distorted by the Coulomb EETZ Eg ; suitable
ymmetry, we shall have no d t accouny
i e
of the wavefunction describing scattering pendence on the angled

Ille WaVEfUHCtIOI’l %(() WhICh deSCIleS the SCatteIlllg pI‘OCeS
S

Cd
or a rticle of r ed Ci mass m b the COuIOII]b oten tlal Satls

R 2R
(V - LK )'\1{(9): o (12)
where K2 = _2mE )
0% _and vy = Zp? i
T Zv . Equation (12) can be solved by

using the substitution
Vo () = (@)

and expressing the :
. : resulting equati A
bolic coordinates (u, v, &) §s- quation for f (r) in terms of para-

4 {3 (u )+ 2 {vE 2
LN (;u T *'SV("SV) : | %\}?{ K e™ @)= 0. (13)

Solving the above equation we get

N LR ’
Y)= d
Ve(2) = C ™V \F [-ix, 1,1 (e ) (18

in whic i ;

which gsl}’lj;l]lpstcﬁliiacl(l);ﬂuent hipergeometric function. The solutions
; represent an i

be obtained by the expansion outgoing scattered S

F . r\,.f_@ &
1 (0 53) ™ 7 (0K (0,001-05-5)

(W
*TW

P
112 €% et (- b5 %)

where
L)
Ay (V) st
E6d) Nz‘o%—(@% =tumt

Wwith these recurrence relations we get the T

sgsﬂ)t(w)
wt (2h)
egular asymptotic sO-

+. ..

Lution for equation (14)
""‘LE“ j 2 ¢ = = - ﬂn?kr-b Ky
el Ce k2T An(s z) clneg S ho -5 ey
L ASH ey vy {C" + sty Gk

ttering amplitude is

i + 29, % (- 0s6)

where the sca

Ac (B) = ZK‘S@V&% e

e scattered wave Pr'
tates & and B by 2

oduced by an incident

We now determine th
modified potential of

wave of two pure spin s
the form:
Ve =\ () + Ve X YOy (£3)

tates comes from the split-

Vi(r) + i Weg(r). These s
ely with the eingen-

where Va(r) = :
nian in two equations separat

ing of the Hamilto

AA
values of the operator 1.s as:

A # 2 (L] )
TR IRIRACER ALY Ll
and
E (%] 2 ) |
= [’;Bv& * !—‘é)ﬁ%ﬁ + V(0= J{—"kﬁ(rﬂ‘ﬁ =0,
For this two differen ars solutions
requiring that

Ty w2 B DL

dial wavefunction with the res

t - states we find two regul

be satisfied. The asymptotic ra ulting
normalization constant are:
. o)

(CYVE ab) ; ROPRALL AL 'TI»\ZW-J}J’)
U1 o e eLg EcosSf +6L§z3ehgﬁ‘ ) A
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where

. Eme%jen(w-}!—ﬂnwrf%) . (regular Coulomb function)
z‘:m‘j-r@Hm‘). and & is the phase - shift. The subscripts a and b

correspand to each eigenvalue of the operator'f.? in the Hamil-
tonian respectively.

For the full wavefunction with spin - up we find finally

GH =L)<+ %ccw-mzml $o44,0)

where

2 okt ‘(S’&'); ) ¢ {99
flod)=1 L lene ™ sigoy 60 &mj Bol=e)

and

oL R et ) .
L.0= %{E)[e *.74_)_6&& +Z”)]B,,(“=9)€‘¢

An analogous computation for the spin down yields

%[9 = ‘\K(?)ﬂ"' -%‘.(Kr*)’-&zkl’) [~F+_(0,¢) ¥ +{{o’¢)p]

where

. (0,d) = 'EH.(WP) = A+ (v)

and

L. NEP = — £ (o.8)e?=A_(e)

and the total differential scattering cross'section (independent of
@) will be

@)= A G+ A + |AG|*

If a potential has a finite range R as if often the case at least
can be simplified considerably. For this case we can split the range
of the variable r into two regions; the inner region r < R where
V! (r) exist and the outer region r > R where only the Coulomb
potential exist. The problem is now reduced to solving the radial

114

!
1

equations for inner region for which the solutions to Schrodinger
equations (15) vanishes at the origin. We must match this inner
solution smoothly with the outer solutions of the Coulomb radial
wave at T = R. If we assume that we succed in finding an inner

solution dh» ,mathcing means the numerical identify of the lo-
£

garithmic derivatives of u‘;ﬁ) at r = R with

3, = 6% (5 os$ + G, smS)

where F; and G, are the regular and irregular Coulomb functions
respectively. The irregular solution has the form

@2 P G%Cas (ko= d-dnarr +7¢)

Computing the logarithmic derivatives of ®, and \fa,n we obtain
the fitting conditions ')

BUP- s
U 6 6 U (U - B UP)
and 8

glu by _ Uéﬂ)'lg
E6-Gu+ W~ & u)

o
@ (4 @
32)7-6& )=

Sy

T 1\
Sy =€ %y =

CONCLUSION

The level of agreement achieved is illustrated in Figure 1 and 2,
and compared with the Hintz's observed scaltering in Figure 3.
Figure 2 shows the theoretical curve with spin-orbit interaction
and a good agreement is found between this theoretical curve and
the experimental results for angular distribution between 30° and
100° and for the shape of the curve. The maximum of the experi-
mental and theoretical curve deviates by a factor of 10 at the same
angle. Figure 1 shows the theoretical curve without spin-orbit inter-
action and no agreement can be found. This means that the spil_l-
orbit term is stronger and the value of the strength of the spin-orbit
term has to be larger to affect the central potential.
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There are several adjustable parameters V,, W, r,, V, and ¢4
ail of which define the two distorting potentials. These parameters
are varied to obtain the best fit to the experimental data apg
the results are shown in Table 1 on Appendix A. Figure 6, illustrate
the experimental data.

Figures 4 and 5 illustrate the effect of the increase in the inci-
dent energy. The energy of the incident particle should be large
enough to overcome the Coulomb barrier of the target nucleus sg
that the incoming and outgoing waves are distorted by the nuclear
potential. If the energy of the incident particle is below 50 Mev,, a
potential containing a surface absorption term is sufficient to ex-
plain the observed scattering.
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Figure 1. — Theoretical curve for the ratio of the differential scattering
Cross-section to Rutherford without the spin-orbit interaction.
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APPENDIX A

TABLE 1. Summary of optical model parameters for praton-nucleus‘
scattering. Energies are in Mev and length in 10 cm.

B R S g S BT O S

10 —60 —9.799 122 3661 070 049 050 224 1568 160 — 10@d
20 —60 —9.789 122 3661 070 049 050 224 1568 1.60 — 1000
50 —60 —9.789 122 3661 070 049 050 224 1569 1.60 — 1000
80 —60 —9789 122 3661 070 049 050 224 1569 1.60 — 1000
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