Numerical approximation of the
motion equation of a simple pendulum,
disregarding friction

by Luis RosADO

University of Puerto Rico in Ponce

Abstract

With the aid of a computer we have found the nu-
merical approximation of the analytical equations
of motion of a simple pendulum, disregarding fric-
tion, as may be seen in Appendices A, B and C.
Appendix D shows the computer program and plot
for a pendulum of unrestricted amplitude.

Resumen

Con la ayuda de un computador electrénico, se ha
realizado la aproximacién numérica de las ecua-
ciones de movimiento de un péndulo simple, sin
considerar rozamientos, tal y como se aprecia en
los Apéndices A, B y C. El Apéndice D muestra el
programa y representacién grafica de un péndulo
que puede oscilar con cualquier amplitud.
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A simple pendulum (s.p.) consists of a particle of mass 2 sus-
pended from a massless string of length 1. In the limit of small
angles, an s.p. oscillates in simple harmonic motion.

1. Finding the analytical equation of motion (angular velocity vs.
angle).!

Our s.p., Fig. 1, is a «natural» system in which there are no
moving coordinates or constraints. Only conservative forces are
acting.

v: Mzr'\
V=0
FiGure 1
The kinetic encrgy is
T = %w w2

= 4w (15)*

=t 202
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The potential energy of the mass # is

v =M‘\3£\,
Hi %(ﬂ'l’éwsﬁ)

= b&i(!- s 8).
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Thus, the Lagrangian is

L=T-V

Now
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or

a+%owe =0, (1]

which is the equation of motion of the simple pendulum.

] ion, Eq. [1].
2. Numerical approximation of the equation of motion, &4 [11

i) Euler's Method®**

d
Let —«y— = f (x,y) (1st order DE)

dx
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d’y
and — = f’ (x, ¥). (2d order DE)
dx?

dy
Then if — = z,
dx
dz

we have — = f’ (x, y).
dx

Thus, if we can find a satisfactor i
, 4 : v way of solving a 1st
order differential equation (DE), we will generally ‘t%e able

to solve hicher order :
P ]CDE order DE by reducing them to a system of

Next, Taylor’s series is
X+AX) = : "1 p’Xg 2
Flceax) = fiy + Py ax + L0 ax®y .
which we can rewrite in the following way:
‘ [} -
b = 8+ 9 0x + % AxZ+ o e

If we neglect the series after the 2nd t i
o ¥
: ) erm (l.e.J Eulers

’gi'ﬂ : ?‘: + l}: ax

But,

X ":F(":)ji)
3:, ‘:IC(Xa; va)
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Therefore,
i = o : {
«}1 = tgou\— ‘g/p AX
This equation is used to evaluate y,” = £ (%, Y1) which,

in turn, is used to evaluate y,, and so on.
A very rapid accumulation of error may accompany the

use of Euler’s Method.

ii) Application of the Euler’s method to the equation of motion,

Eq. [1].
1, 3 i S
il_.il = =~ = oiu b — ae
AL 4 fiﬁ‘_" Saa 'J']:»QL.»H&
e +
or
oy

4

Suppose the pendulum is allowed to fall from rest (i.e.,

(’VL= (/.)1- & (m‘M&) Af:

T
t = 0, w, = O) at an initial displacement 8, = — (= 0.785398). Let
4

1 = 100 cm. Furthermore, g = 980 cm/sec?.

Now, we would like to print out angular velocity vs. angle, plott-
ing values at each 0.1 sec interval. Thus, since 2.0 sec is roughly the
period of this pendulum (assuming a small oscillation of, say, less
than 15°), we want 20 points printed out. Next we arrange to print
out every 50th time increment. We can show this in a diagram:

0.602

1‘;;.-)“(— !

\(——‘ 50% 0.002—>

We will see later a computer program corresponding to this
problem (see Section 4, Part (i), and Appendix A).

| =
od a2z 0.3
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3. Finding the analytical equation of motion (angular momentum
vs. angle).

In this case we will study the relation of angular momentum vs.
angle. Thus we have to look for the Hamiltonian equations.’

Our simple pendulum is a «natural» system in which there are
no moving coordinates or constraints (the time does not enter in
the «reduced» transformation equation).t

Hence the Hamiltonian H is the total energy of the system
(which is constant); i.e

)

E =z E=naqv

or
H:E‘_m-fzéz-i— wal (1- wsg), £31]
where
T=1 m fr6"
and
V= mgl(i-csp)
Now
B=m(fxp)
and
f L,
Then —
f=myp,
or

b= mif = ﬁ;:- 4112,£9{§2_
That is, Eq. [3] can be written

He i sl (1-ss) [4]
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In the s.p. system only conservative forces are acting. Hence,
we can write the Hamiltonian equations

58 -~ B
2|

<J
=
-

Therefore

or

é?:-wglm'uﬁ} (5]

i i imple pendulum.
the equations of motion of tl_le simp
Thel:ifg;z we sta(llrt the numerical evaluation of the Eq. [5], we may

i Ise about Eq. [4]. [ '
saySsc?lrvr?raltghllélg. e[4] for PO, the equation of the system of points In

the phase plane is’
%
p= Iwnlz [e- mat (1- c0s8) ] } :
]

[é]
bz
B = [Zmiz (E'Wﬂe +-mg€ coss)] Z

i 1), then the physical motiop

—mgl < mgl (ie.. | E | < 2mgl), ; =

{I)ff tEhe sr}rfl;gterf can only occur for | § | less than a maxima ampli
tude @, given by the expression

i ion is
Now, assume in this case — < 0,<{n. Then, the situatio
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equivalent to a particle bound in a potential well, where V () =
= mgl (1-cos ), (see Fig. 2).

Vo)

-1t - 6

T1cure 2

The phase space orbits are closed and are given by Eq. [6].
Since the potential is periodic in §, the orbits are symmetrical with
respect to the axes. Furthermore, the points (0,0), (2, 0), (—2x, 0),
are fixed points or points of stable equilibrium (see Fig. 3).

Suppose our s.p. is allowed to fall from rest at an initial displa-
cement — < f,< %. Then we €xpect a periodic motion (not sim-
ple harmonic) with P§ = a 0 atQ = 4 9. If the system is set in
motion by a sufficiently large push, however, it will continue to
rotate in one direction. This motion will repeat itself periodically,
but P) = O and @ (t) will continue to increase.®

fo

—T
/ fe - uistable equililg
stable eg}v.fim L o Lr(um

Ficure 3
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If E—mgl > mgl (i.e,, E >> 2 mgl), 0 can increase 1ndeﬁln1t'ely
to produce a periodic rotational motion. If; E—mgl = m%iul(ég’
E = 2mgl), the phase paths are cosine functions of thel' E}?tn ertur:
In fact, if the pendulum were at rest at §, = x, then a slig : }F i
bation on the pendulum will slightly change the phaselpa i
motion. «If the motion were along one of the E :_2 mg pt:it ;
pendulum would reach one of the points 0 = nr w1t}‘1 exacjoy
PO, = O, after an infinite tirme» 2 as is shown in reference 10.

; ’ 51
4. Numerical approximation of the equation of motion, Eq. [5]

i) Euler's Method. ' | J
1# i Ulsling the same procedure as in Section 2, Part (ii), we

can write
D = At (= 0.002 sec)
4 AL = 1 (= 100 cm)
AO = g, (= 0.785398 radians)
PAO = Pp, (= 0.0)
( G =g (=980 cm/sec?)

AM =m (= 1.0 gram)

Y = mgl
1
hh—
ml?
A2 =0, (=0, + — At)
m]?

PA2 = P@, (= P, — mgl (sin §;) At).

(See flow chart, Fig. 4, and the computer program in Appen-
dix A.)
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b <— 6,+5, At
B B Yomo)at |

Ficure 4

ii) Runge Kutta 4th order method.™ 1 1

This is a self-startin i
gmethod which has less error than th
fhuler mlelthod and the improved Euler method. (Appendix B?
- Ows the program to the problem in Part (i) using the
unge Kutta 4th order method.) 5

Given the equatio Voo
solution is s n y’ =f (x, y), the 4th Runge Kutta

aﬂ:— 1-,*' -‘% [Ku-zkz +K, + K"] g

where
K, =f(x,y)

AXx
K, =f (x, + —, yi + %K, Ax)
2

Ax
K, =f(x;, + —, 5y + %K; Ax)
2

K4 = f (xi + Ax, Y| + K3 AX).

(See, for example, PECKHAM, op. cit., p. 90.)
The values of K,, K,, K;, and K, represent estimates of the
slope of the derived function at various points in the in-
terval x: to xitl.

For the simple pendulum, the Hamiltonian equations,
given in Section 3, are

4o

dt = g?

b _

At ="l eiwe

In our case, P§ = f (), but, more generally,P§ = f

(t,0, PO).

The 4th Runge Kutta solutions are

6., = 0 + SE[ K + 2K, + 2K +K, ]

s A é

AL —A‘ﬁ[ld-rz,tz +2 ), +,L,J p

where, assuming that P§ = f (t, 0, P0),
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Ki: (71 Thus
jgi:]t(ﬁ;,@“‘ﬁ,) ' Bl = Z x PAf
4k ci= =Y % SIN (A1)

K, = Ea-'*' & ) Bi
L=f(te+ 48, g o 8 past)) B2 = 2% (PAl + (D4.) (1)

; ° b ca==Yx (s (a+(D5) v 1))

=p 4 &

ks- %( ZAeﬂz 4t ] B3‘—'Z*(PM+(D/2.)¥C2)
hetla+5, 63 5K, o+ 44 cs==Yx (s (41 + (34) % B2))

By =2 x (PAf + D % C3)

K, = F, + 4tk
C4==~Y» (s (At +D « B3))

BLI‘—-]E({‘,{'I'AE) 6::+AL I(}) F&"LAE%).

Let us now write dots o
S o own the equivalent nhomenclature used in A= A4 +(%)-¥ (514-2* B2 4+ 2xB3+ Bé/)
£L= At (= 0.0020868 sec) :
=1 (=100 cm)
s i Cm/SP;:Z) pu=mat+(0) ¢ (Ct+ 2%+ 2% +C4).
2t =1 gram
The Runge Kutta method is stable and provides good accuracy.

AO = ¢, (= 0.785398 radi
o . ans)
Appendices C and D show computer programs and plots for a

PAO = Peo (= OO)
Al = eJ
PA1 = Ppp, pendulum with different initial angles for each one of the values
1 of the hitting force F = (mgl) E. The hitting force of the program
e in Appendix C is too small (E = 0.0), so we are dealing with a sim-
ml2 ple pendulum. Appendix D corresponds to a pendulum of unres-
tricted amplitude which analytical equation is identical to the
Y = mgl «equation of motion for the phase» of the synchrotron principle
211 =1K1 (see reference 14).
B2 = Il(, 5. Acknowledgment.
Sl I am grateful to the Department of Computer Sciences of Pur-
due University, Lafayette, Indiana, U.S.A., which made this work

and so on.
possible.
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APPENDIX A

SIMPLE PENDULUM

cyULER METHUD

WRITE(656)

D=I°02

T=0e

a0=,785398

pPRO=0.

aL=100.

=950

Ati=] e

Y=AREGEAL
Z=1,/(AM“(AL““2))
Al=AQ

PA1=PAO

WRTTE(6e5) TeAUPAD
po 2 J=ls20

ad=J

T=aJ/10Qe

00 1 k=le50
A2:A10Z“VA1“U
pa2=Pal=Y#SIN(2)}#n
Al=AZ

PA|=PA2

1 CUNTINUi

WRITE(695) TeblsFal

2 cunTINUE 16,6
ok 4X,FllebebXaFLE,6)
. ‘:'té:‘::TT(tim:i;;]q;m;m-:v;.uK-ST*ANULEJMW‘"““G“L“R WROERTLRF)

END
TIYE ANGLF ANGUI AR MOMERTUR
o 185394 0n,000000
u-g .451:20 ~6853,835172
. 051255 ~13222 489500
5 £491750 =1ASAT. 542446
'3 286148 -22326,3018R2
.5 052743 -26009.272660
.6 - 1851373 -73375.7453&5
i ~.407654 -20512,354874
=% -.591051 -75804.615215
.9 - 120578 =ygoR,2b9438
1 -.TR&D3A ~3070.383306
o0 - 182610 3892.189389
s -1 710636 10591,110038
i ~a5740668 16507,406421
L5 «.385808 2107R,672455
i -e160125 23757,516900
].2 ,081438 24169,193674
‘.7 315593 22248,159783
}.a 2520097 18267.06252§
1'9 «B7668% 12727,&64942
?:o «T72572 6201441812
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APPENDIX B

PROGRAM PENDUL (INPUT»OUTPUT TAPESSINPUL I TAPEG=0UTPUT)
SIMPLE PENDULUM

HUNGE KUTTa 41H ORDER METHOD
CUMMON npUCsALlsPA1,Y,Z5D
WRITE(646)

D=,0020868
PERIOD=20#50%#D=2,0868 SEC»
TsNa

A0=,785398

PAO=0e

AL=100.

G=930e

aM=]1e.

Y=AYRGHAL

=)o/ (AM® (AL#H#2) ).

Al=AQ

PAL1=PAD

WRITE(645) 19A0,PAD

Lo 2 J=1y20

Ad=J

T=1.06304%AJ/10,

CALL RUNGE

WHITE(655) T9A14PAYL

CONTINUE
FORMAT(LUKsFB.692XsF114694%9F16,6)

FORMAT (1H19 12X s4HTIME 210X s SHANGLE  7X9 L6HANGULAR MOMENTUM/)

sTopP
END

SUARDUT INE RUNGE

CUMMON DUC»AY 9PAlyY¢ZsD

DO 10 I=1450

vi2=D/2.

Bl=Z%Pal

Cl==Y#SIN{&l)

B2z {PALYDO2%C])Y
C2==Y#(SIN(A]l+DO2%B1))
B3=/2(PA1+D02%C2)
C3==Y*(SIN(A1+DO2#B2))

Ha=# (PAL$D9CI)
Cas=Y®(SIN(A]+DH*B3))

Al=ALl+ (D764 )% (Ble2¥R242483484)
PAL=PAL+(()/64) % (Cle2%C2+25C3+CH)
CONT LNUE

RETJRN

END

TIME

0,000000
2164304
.208608
312912
2417216
0521520
625824
730128
834432
938736

1,043040

1,147344

1,251648

1,355952

1,460256

1,564560

1,668864

1,773164

1,877472

1,981776

2.,086080

ANGLE

#785398
o THT915
»638378
+4b5825
0245883
» 000311
=e245293
=4 65328
-e638022
=, 747730
-o /85398
-0148101
=,638735
=e456321
e 266473
=-aUU0934
«244703
0464830
0637664
e T47543
e 785397

ANGULAR MOMENTUM

0,000000
=7138,813245
«13714.016672
~19111,133197
=22696,235253
-23959,766012
~22702,425918
~-19122,5717S2
~13729.,195900
=7156,140153
~18,016483
7121,482831
13698,830148
19099.683331
22690,026007
23959,750140
22708,609993
19133,998987
13764,367823
7173,463065
36,032958



C SIMPLE PENDULUM WITH DIFFE

APPENDIX C

PROGRAM PENDUL tINPUT'OUTPUT,PLOT-TAPESIINPUToTAPEG!OUTM}TJ
RERENT INITI AL ANGLES FOR EACH ONE

C OF THE VALUES UF THE HITTING FORCE = (M#G#[)#E

c

103

loo
200

RUNGE KUTTA 4TH QRDER METHOD
DIMENSION ANGLE (102) 4P (102)
COMMON DOZ-AlvPAltY-ZoD.AO'E
= INITIAL ANGLE IN RADIANS
CALL PLOTS

READ(54103)E

FORMAT (F4.1)

IF(EsGTale)GO 10 10

PMINEQ,0

PMAXE100000,

AMAXE] Q4

AMINZQ .0

DP=PMAX/4,40

CALL AXIS(O-;S.O'SHANGLEo-S-ZO--0.0o-IO.le.O’O)
caLL AXIS(IO.;].OvBHMOMENTUMv*Biﬁ.OoQO.;-PMAX|DP0'1)
CALL PLOT(104045,09=73)

DO 8 I=1+5

READ(54100) A0

FORMAT (F11le8)
WRITE(6+9200)EvaQ

FORMAT {1H116Xy2¢F = #9F4elr//TXvEAD = #4F10.87/)
WRITE(696)

D=,001

ALEIUOU

G=980.

AMz 1.

YRAM®G#AL

Zm) o/ (AM® (ALORD) )

T=O .

AO=AQ

PAg=Ce0

AlzAO

PA1=PAQ

WRITE (645)1yAQ0,pPAD

DO 2 JU=1y100

Adey

TS, *%AJ/100,

CALL RUNGE

ANGLE (U) =AlL

PlJ)mPAl
WRITE(695) 19 ANGLE (J) 4P (J}
CONTINUE

ANGLE(101)%0,0
ANGLE(102)®1,0

P{101)=0.0

P(102)=0P

CALL LINE(ANGLE'P’IOOol.DnO)
CONTINUE

GO 10 )

CALL PLOT(0s9049999)
FORM&T(GXoFe.ZoZXoFll.6,6XvF2016)

EgRMAT(10Xv6HTIMEvBX.5HANBLEo14KOIGHANGULlR MOMENTUM/)
D
]

UBROUTINE RUNGE

EOSMON DO29A1sPALSY¢Z9DeADIE

DO 10 1=1950

po2=D/2.

Bl=Z*PAl

Cla=Y®SIN(AL) eYOF

8214 (PA1+002%C1)

C2me=Y#SIN(ALl+DO2¢B]) +YSE

B3mZ% (PAY+D024C2)

C3m=YSSIN(ALeDO2#B2) ¢ YSE

B4mZ® (PAL¢0D¥C3)

CémoYSSIN(ALOD¥B3) 2YRE

A1=Al+(D/6419(B]020B2026B34B4)

PAINPALS (D/6,)%(C]+20C2¢29CI¢C4)
10 CONTINUE

RETURN

END

1.000 -

700

|l
~1.00

~-+780

~1.000+
Plot corresponding to the program in Appendix C.



C SIMPLE PENOULUM WITH DIFFERERE

APPENDIX D

PROGRAM PENOUL (INPUT'OUTPUT.PLOT|TAPE5'LNPUT.TAPEe:oUTPUT)
NT INITIAL ANGLES FOR EACHM ONE

C OF THE VALUES OF THE HITTING FORCE = (M#G#L) *E

c

C Ao

-

103

100
200

RUNGE KUTTA 4TH ORDER METHOD

DIMENSION ANGLE(102)9P(102)

COMMON VUZyAl9PA1sYZsDsA0E

= INITIAL ANGLE IN RADIANS

CALL PLOTS

READ(S»l03)E

FORMAT(Fé4el)

IF(EeGT41}G0 TO 10

PMINZ0.0

PMAXz100000

AMAXE10.0

AMINZ0,.0

DP=PMAX /440

CALL AXIS(Q-l5.0|5HANGLEO'5|200!0.0!‘10100100'0)
CALL AXIS(10'0v1.0vBHM0MENTUM5‘8:B.Of90ol-PHAX9DPl"1)
CALL PLOT(104035,09w3)

DO B8 I=1+4
READ({S»100) 40
FORMAT(F1l.8)
WRITE(69200)E4A0
FORMAT (1HLv6X9£E
WRITE(646)
D=,001

AL=1000

G=980.

AH=1.

Y= AM®G4AL

Zz] o/ (AM® (ALRB2))
T=0.

AQ=zAD

PAO=0.

AlspAy

PAl=PAD
WRITE(6sS) TsA0yPAD
DO 2 J=19100
AJeJ
T=S4*AJ/100
CALL RUNGE

ANGLE (J)=A]
PlJ)=PA)

WRITE (645) TyANGLE (J) sP ()

CONTINUE

ANGLE(101)=0,0

ANGLE (102)=]1,0

PL101)=0.,0

P(1p2) =pP

CALL LINZ(ANGLEsP»100+1,0450)

CONTINUE

GO 70 1

CALL PLOT(0090,49999)

FORMAT (BXyFBe692XsF114696X9F2006)
FORMAT(10kvﬁHTIHE'BXgSHANGLEv14XlléHANGULAR MOMENTUM/)
END

= 29F4010//7K9#A0 8 #3P1068///)

10

SUBROUTINE RUNGE
COMMON COZ9ALePALyYZ9DyAQE
DO 10 I=ly50

pozaD/2,

ElsZ%PAl

ClumaY®SIN(AL) ¢YSE

pEZ=l* (FAl+¢DOZ*C]l)
CZmaYRSIN(AL4DO2%B)) ¢ YOE
B3nZ#*(PAl+002%C2)
C3u=YSSIN(ALeDO2#B2) 4+ YOE
BémZ® (PAleD®*CI)
CéneYUSIN(ALD®B3) s y#E
AlzAle(D/Es)®(Ble2%R2+24B34B4)
PALWPAL+ (D764)#(C142¢C2428C30C4)

CONTINUE
RETURN
END
1.000+4
»750

T
-3.00

- 750

~1,000—
computer as programmed in Appendix D.

Plot made by



