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Por Luis Rosapo
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Abstract

We can see that by means of computer aid it is
fairly easy to find the numerical approximation
of energy perturbation in the hydrogen molecu-
le, and to plot this energy as a function of the
distance between the nuclei of said molecule.

Resumen

Se ha usado el computador electrénico para en-
contrar la energia de perturbacién en la mo-
lécula de hidrégeno, y para representar grafica-
mente esta energia en funcién de la distancia
entre los nucleos de dicha molécula.
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When the two atoms of the hydrogen molecule, H,, are sepa-

rated by a distance R = 0.5 & (which is large compared with the
size of the first Bohr orbit), it is easy to associate each electron

with its own parent nucleus, but, when R < 0.5 X, there is no
way to identify each electron as corresponding to a given nucleus.
In this last case, the two hydrogen atoms are brought together to
form the hydrogen molecule.! The binding in the hydrogen molecu-
le is a simple example of a covalent bond.

FAINDING AN ANALYTICAL EXPRESSION OF
ENERGY PERTURBATION.?

Consider the protons as infinitely massive, and neglect spin-
dependent terms. The system comprises two hydrogen nuclei,

A and B, and two electrons, whose coordinates we designate
by 1 and 2 (Fig. 1).

Frcure 1

Coordinates used for the hydrogen molecule.

1. Weidner and Sells, Elementary Modern Pbhysics, pp. 521-522.

2. Pauling and Wilson, Introduction to Quantum Mechanics, pp. 340-343. Born, Ato-
mic Physics, pp. 466-469. Schiff, Quantum Mechanics, pp. 449-451. Saxon, Elementary
Quantum Mechanics, pp. 391-392.
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Using the coordinate system shown in Fig. 1, the Hamiltonian
can be written as

2 2 2 2 2
e

2 2 2
e
£ f2 f_..._e‘_q._e_..;_e___,__.
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T \zwm  2m n 11 R e T34 12

Then, the wave equation for the two electrons corresponding to
fixed positions of the two nuclei is

V() +TYGEE - e HY (F) =0

For «small» R, as it was used in the computer program, the
wave functions are

%G8 = i (B0 ¢) v gu) $a) |
a » /
y (55) = Yo i {@(r) brg) - @ () @@4)}.
¢+ is symmetric in the positional coordinates of the two electrons

and also in the positional coordinates of the two nuclei, whereas
¢ — is antisymmetric in both of these sets of coordinates. @, (ry)
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and O, (r,) are ground-state hydrogen wave functions. A is the
orthogonality integral.

A = / B (r) §5) $) Plod dr d

3 __ZD( 'Dzz 4
i = I+D+§

R
where D = —.
Ao
The interaction energy of the molecule which arises when the
atoms approach one another is

7 2 iz 2 2
e e e e

R R
R N2 LY Va2

The formulas for the energy are given in Pauling and Wilson'’s
book, p. 343, as

i

E = i e? , 23+ J'+2KA +K"

R i 4 A%
(al
2 s ]
e 2J+J7-2KA-K
EA = Z2& + '—é" L Az 3

3. Saxon, op. cit. p. 392.
4, Pauling and Wilson, op. cit. p. 328 and p. 341.
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where

E is a constant.

J represents the Coulomb interaction of an electron in a 1s
orbital on nucleus A with nucleus B.

J' represents the Coulomb interaction of an electron in a 1s
orbital on nucleus A with an electron in a 1s orbital on
nucleus B.

K is called a resonance or exchange integral, since &, (r))
and @, (r,) occur initially.

K’ is the resonance or change integral corresponding to J'.

That is,

2 £
J=f(2(’7;d(‘%‘) f?f(';) dr, =< {_D,_ ; e.z»(ﬁjg_} -
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)‘ = fJw C = 0.5 772]5¢s5 (Euler's constant)
A~ o R LD
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Ei is the integral logaritm and from JAHNKE-EMDE-LOSCH,:

for y> 2,
-y .9989710 1,
Bl a5 )e e’ ( 0.9999965 - 0.99897 9487646
¥ ¥ y2
4,9482092 11.,7850792 i 20,4523840
4 21.1401469 _ 9.5240410 4+ 4 35 x 1075 ).
.VG Y7

EVALUATION OF ENERGY PERTURBATION.

From equations (a) we have

2
e =it +K'
E, = 2T +J +2KA+K

! + 4*
(b)

o1% T 2 a=-¥"
{ = &A®

2
& R

where E + corresponds to a bound state, and E - corresponds to
an unbound state, as we will see by plotting the results of their
numerical approximations (see Fig. 2 and Appendix B).

5. Jahnke-Emde-Lésch, Tables of Higher Functions, p. 18.
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Figure 2

The energies of the bound and unbound states as functions of the distance betw‘een tl?e
nuclei. (Plotting, by a computer plotter, from computer program and results given in
Appendices A and B.)
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Let us now write down the equivalent nomenclature used in
computer program (see Appendix A) for the numerical approxima-
tions of the equations (b).

AO = a;, = 0.5282 X 10-8 cm. (Radius of the Bohr orbit in normal
hydrogen, referred to center of mass.)

R = The distance between the two nuclei.

DI =D (0.6), D (0.8), ..., D (6.0).

E = e =4.770 X 10— absolute e.s.u. (Electron charge.)
A=1.
Bt
Pl=T,
P&
Q=—.
R

Thus, starting with the wave functions ¢ + and V¥ -, the evalua-
tion of the integrals J, J’, K, K’, and /\, shows that the symmetric
function ¥+ leads to a bound state (i.e. attraction) E+, while
the antisymmetrical function ¥~ leads to an unbound state (i.e.
repulsion at all distances) E—. In Fig. 2 the curvature of E +
near its minimum corresponds to a vibrational frequency of
nuclei. It turn out, therefore, that the total energy of the system
increases when the electron spins are parallel and in the same
direction, but decreases when they are antialigned.
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APPENDIX A

PROGRAM NNE (INPUT-OUTPUT|PL0T9TAPESSINPUT-TAPEG:OUTPU7)

C NUMERICAL APPROXTMATION OF THE ENERGY PERTURBATION

C

IN THE HYDROGEN MOLECULE

COMMON X4A0,DELTASE

DIMENSION D?STAN(JO)'EPLUS(30)vEHINUS(30)

CALL PLOTS

EMIN=040

EMAX=60,

DMAXE6,0

DMIN=0,0

AESEMAX /6,

CALL PLOT(0,053,05e3)

CALL ‘XIS(O.O'O.O'IEHDISTANCE = R/AOv-1506.0'0.yO.O.I.O'O)
CALL AXIS(0,0y=3,s24HENERGY (IN ELECTRON-VOLT\.ozb.IOsG-QO..
1 <EMAR/2,04AE,=1)

WRITE(6,6)

6 FORMAT (12X, #ENERGY PERTURBATION IN THE HYDROGEN MOLETULE,
1 (E‘oE-vJ'KyJ(PRIME)gK(PRIME)-AND Es®2/R 1IN ELECTRON=VOLT )3t/ /7
2 1ox.¢Eo¢,6x.:E.¢.¢x.#DISTAN-R/A01.6X.¢R (CM,)#e8XogJity
2 13X-’Ki.Bx.tnELTAt.3Xv¢DELTA"2¢;3x:¢J(FRIHE):'

2 SXe#K(PRIME) 297X o RER*2/RE/)
A0=.52H2F-0R

C THE ENERGY Ee (OR Fa} IN ELECTRON=VOLY

no 8 l=z],28
D]:Ioz
DISTAN(I)=2,0#D1/10,

C R IN CENTTMETER

R=DISTAN(I)=sAQ
xaDISTAN(T)
E=4.770/(10,%510)

C ELECTRONIC CHARGE [N ARSOLUTE EeSel,

Az(E"‘/AO)“(-l./XoFXP(-Z“X)“(l-'T./X))
Ra(=E*%2/40) SEXP (=X} #(],4X)

DELTAZEXP (=x)#(1,eXeX882,3,)
PJ=(E"Z/AO)O(1./X-FXP(-2°X)'(I-IXoll./B.¢3PX/Q.0X03226.))
CALL INTLOG(PK)
EPLUS(I)=(E"2/R)o(?'AOPJ‘Z'DELTA'BOPK)/(1.0¢DELTA'!2)
EMINUS(I)z(F'vZ/R)o(Z'AoPJ-Z'DbLTA'B-PK)/(l.o-DELTAo'E)
NzE#wd/R

TANT=e6285F.)2

EPLUS (L) =EP USt1) #TANT

EMINUS (1) =EMINUS (1)« TANT

AzA®TANT

A=BoTANT

PUPJ*TANT

PKEPK*TANT

N=0®TANTY

TEMP=DE| TA®e?
HRITE(5-7)EPLHSrI)vEMINUS(I)vDISTAN(I)oR’AchDELTAvT!MP.FJoPKQO

7 FORMAY(6X-3FB.3,E1¢.3v2F14.5:2F8-3.2F16-5.El‘.3)
8 CONTINUVE

DISTAN(29)=qn,0

DISTAN(30)=1,0

EPLUS(29)=0,0

FRLUS(30) =AF

CALL LINE(DTSTANJEPLUSs28915090)
DISTAN{Z29) =n, 0

NISTAN(30) =1,0

EMINUS(29) 20,0

EMINUS (30) maf

CALL LINE(DTSTAN,EMINUS+28415010)

CALL PLOT(0,0,999)
STOP
END

SUBROUTINE TNTLOG(PK)
COMMON XyAQDELTASE
GAMMAZ+577215665

A ®(],=XeX®%2/3,)
C FOR :gELzA;EXz;XénEL;Eu(THAN 2 WE HAVE THE FOLLOWING EXPRESSION

FI1= (EXP (=68X)/ (-4#¥) ) # (,9998965=,9989710/ (48X} +
1 1,9487646/ ( 14%x) 8821 =4,9482097/( (4eX) S03) 0
1 11.7850792/ ( (4#X) ewé) =20,4523540/ (48 *sT)
1_s2). IARISEITRRREIAN0) -0, 520001 0/ L LAPRN L)
FIZ:(EXP('?'X)/(-Z'K))'(‘9099905-'99n9110,0
1 1.9&57646/((2‘!)*'2)-4-9‘fggzg£é;$:;lx)315)
< 7850792/ ((25X) ##4) =20,45238 5
) sl ibstase i e wssioisatesles (EANT))
E#82/(58A0) )% (=EXP (= .
1p§:;o02.xu-3/3.).(e./X)~cDELTa*'Z'(GAN"“‘L°G“’"
1 PDELTA®#2ep1]=-2%DE TA®PDELTAR®LTZ))
RETURM
END
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